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Abstract
We are interested in forms of even degree d  4 over ordered fields, which are linear
combinations with positive coefficients of dth powers of linear forms. Usually such a rep-
resentation is not unique. However certain forms have so-called unique good representation.
Linear preservers of such forms are studied. Since −idV is a linear preserver of any form of
even degree, orthogonal groups of considered forms have a central involution. We show that
any finite group with a central involution is isomorphic with the orthogonal group of such
forms of even degree. © 2001 Elsevier Science Inc. All rights reserved.
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1. Introduction and terminology
Linear preservers of forms of higher degree have been examined by many authors.
Unfortunately there are no universal methods for it, so the authors usually confine
their considerations to certain families of forms. O’Ryan and Shapiro [4] explored
trace forms of degree d of central simple algebras over fields of characteristic not
dividing d!, Guralnick [3] and Shapiro [6] described linear preservers of trace forms
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of matrix algebras over fields of positive characteristic, Wesołowski [9,10] found
linear preservers of trace forms of etalé algebras, whereas Berchenko and Olver [1]
were mainly interested in binaries over R and C.
In the paper we are interested in forms over ordered fields which are combinations
with positive coefficients of even powers of linear forms. We have been inspired by a
nice book of Reznick [5] in which the author considers sums of even powers of real
linear forms. Using the fact that these forms are positive semidefinite he points out
forms which have some kind of unique representation as a sum of powers of linear
forms. All of the notations and results in Sections 1 and 2 closely follow Reznick’s
work, generalized somewhat to the context of an ordered field K in place of the
field of real numbers. We discuss it in Section 2. Moreover for forms with “unique
representation” we can easily describe the orthogonal group, that is, the group of all
linear preservers. We do it in Section 3.
Orthogonal groups of forms of higher degree are very often finite, necessarily
so when the form is non-singular. Thus it is natural to ask after Suzuki [8] which
finite group can be represented as an orthogonal group of a suitable form f . In [7]
Wesołowski and the second author of this paper prove that every so-called Clifford–
Littlewood–Eckmann group is an orthogonal group of a certain trace form over Q.
We sum up the paper with Section 4 in which we show that any finite group with a
central involution is an orthogonal group of certain form with “unique representa-
tion”.
A form of degree d in n variables (or n-ary d-ic form) over a field K is a ho-
mogeneous polynomial f (X) = f (X1, . . . , Xn) ∈ K[X1, . . . , Xn] of degree d . Let
Zn+ denote the set of n-tuples of non-negative integers. For i = (i1, . . . , in) ∈ Zn+
and the vector of variables X = (X1, . . . , Xn) we write Xi for Xi11 , . . . , Xinn . Let|i| := i1 + · · · + in, and let c(i) := |i|!/∏(ik!). For d  1 let
I(n, d) := {i ∈ Zn+ : |i| = d}.
Thus for N(n, d) := |I(n, d)| we have N(n, d) = (n+d−1
n−1
)
.
Any n-ary d-ic f over K can be written as
f (X) =
∑
i∈I
c(i)a(f ; i)Xi,
whereI = I(n, d) and a(f ; i) ∈ K .
Any α = (a1, . . . , an) ∈ Kn determines the n-ary d-ic (α•)d defined by
(α•)d (X) :=

 n∑
j=1
ajXj


d
=
∑
i∈I
c(i)αiXi.
All n-ary d-ics form a K-vector space Fn,d (K) of dimension N(n, d).
For any f ∈ Fn,d (K) the zero-set Z(f ) := {α ∈ Kn : f (α) = 0} can be viewed
projectively. In the sequel we shall writeZ(f ) = {α1, . . . , αk} to denote that αi ’s are
not proportional and for β ∈ Kn with f (β) = 0 there exist a ∈ K and i ∈ {1, . . . , k}
such that β = aαi .
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We say that ρ ∈ Aut(Kn) is an automorphism (or linear preserver) of the form
f ∈ Fn,d (K) if f (ρ(X)) = f (X). The set Aut(f ) of all automorphisms of the forms
f forms a group, which we call the orthogonal group of f .
Now suppose thatK is an ordered field and d is even. We define two convex cones
in Fn,d (K): the cone of positive semidefinite forms
Pn,d (K) := {f ∈ Fn,d (K) : f (α)  0 for any α ∈ Kn},
and the cone
Qn,d(K) :=
{
f ∈ Fn,d (K) : f =
r∑
i=1
ai(αi•)d,
r ∈ N, αi ∈ Kn, ai ∈ K, ai > 0
}
.
Of course, one can immediately notice that Qn,d(K) ⊆ Pn,d (K). One can find more
details on both cones in the case K = R in [5].
We can consider the vector space Kn as a bilinear space with the standard inner
product
(a1, . . . , an) · (b1, . . . , bn) :=
n∑
i=1
aibi,
whereas Fn,d (K) can be equipped with the inner product
[f, g] :=
∑
i∈I
c(i)a(f ; i)a(g; i) for f, g ∈ Fn,d (K).
Notice that (α•)d(X) = (α ·X)d and if g =∑i ai(αi•)d , then [f, g] =∑i aif (αi)
and [f, g]  0 if f ∈ Pn,d (K) and ai > 0, with the equality when the zero setZ(f )
of the form f contains all αi ’s. If g =∑ki=1 ai(αi•)d , a1, . . . , ak > 0, then
g ∈ Pn,d (K) and g(α) = 0 if and only if α ∈ {α1, . . . , αk}⊥.
2. Unique representation and d-independence
We say that the set A = {α1, . . . , αr } ⊂ Kn is d-independent if the forms
(α1•)d, . . . , (αr•)d are linearly independent in Fn,d . There is a useful criterion for
d-independence which is due to Serret. Although the original Serret theorem is for-
mulated for forms over the field R, one can check that all the arguments used in the
proof work for any field K .
Theorem 1 [5, Proposition 2.6]. The subset A = {α1, . . . , αr } of Kn is
d-independent if and only if there exist forms h1, . . . , hr ∈ Fn,d such that
hi(αk) = δik for i, k = 1, . . . , r.
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Since we need d-independent sets for construction forms with so-called unique good
representation, we present in the following theorem a simple sufficient condition for
d-independence.
Theorem 2. Suppose A = {α1, . . . , αr } ⊂ Kn, n  2, and no two αi’s are propor-
tional. If r  d + 1, then A is d-independent.
For n = 2 the above theorem is known. Moreover, in that case the condition
r  d + 1 is also a necessary condition for d-independence of A (cf. [5, Theorem
2.10]). We need two lemmas to prove the theorem.
Lemma 3. Suppose that V is a vector space of dimension n over an infinite field
K and α1, . . . , αr are non-zero vectors in V. Then there exists a linear form ϕ ∈ V ∗
such that ϕ(αi) /= 0 for i = 1, . . . , r.
Proof. We proceed by induction on n. For n = 1 the statement is obvious. Suppose
n  2 and the statement is valid for any space of dimension less than n. Choose
α ∈ V \⋃ri=1 Kαi and consider V1 := V/Kα. Since dimV1 = n− 1, there exists
ϕ1 ∈ V ∗1 such that ϕ1(αi +Kα) /= 0 for i = 1, . . . , r . Now it is enough to put
ϕ := ϕ1 ◦ κ , where κ : V → V1 is the canonical epimorphism. 
Lemma 4. Suppose that V is a linear space of dimension n over an infinite field
K, α1, . . . , αr ∈ V, n  2 and no two αi ’s are proportional. Then there exist linear
forms ϕ1, . . . , ϕr ∈ V ∗ such that for i, j = 1, . . . , r, we have
ϕi(αj ) =
{
/= 0 if i /= j,
0 if i = j.
Proof. Let Vi := V/Kαi and let κi : V → Vi be the canonical epimorphism for
i = 1, . . . , r . Note that each element of the set
{α1 +Kαi, . . . , αi−1 +Kαi, αi+1 +Kαi, . . . , αr +Kαi}
is non-zero. Thus by the previous lemma there exists a linear form ψi ∈ V ∗i such
that ψi(αj +Kαi) /= 0 for j /= i. The forms ϕi := ψi ◦ κi , i = 1, . . . , r , satisfy the
condition from the statement. 
Now we can prove Theorem 2.
Proof of Theorem 2. Let ϕ as in Lemma 3 and let ϕ1, . . . , ϕr be as in Lemma 4. For
every i = 1, . . . , r we introduce the form
χi := ϕd−(r−1)ϕ1 . . . ϕi−1ϕi+1 . . . ϕr ∈ Fn,d (K).
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It is a routine matter to check that
χi(αj ) =
{
/= 0 if i = j,
0 if i /= j.
The forms hi := (χi(αi))−1χi , i = 1, . . . , r , satisfy the condition from Serret’s the-
orem. Thus the set A is d-independent and the proof is completed. 
Theorem 5. Suppose K is an ordered field, A = {α1, . . . , αr } ⊂ Kn and no two
αi’s are proportional. Then there exists h ∈ Pn,2r such thatZ(h) = A.
Proof. Let {βi1, . . . , βin−1} be a basis of the orthogonal complement Kα⊥i of the
linear space Kαi . Let
hi :=
n−1∑
j=1
(βij•)2.
Clearly, hi is a positive semidefinite quadratic form and Z(hi) = {αi}. Then
h := h1, . . . , hr ∈ Fn,2r is positive semidefinite and Z(h) =Z(h1) ∪ · · · ∪Z(hr )
= A. 
In the sequel we assume that K is an ordered field and d is even. Now we concen-
trate on uniqueness of representation of f ∈ Qn,d(K) as a linear combination with
positive coefficients of dth powers of linear forms. Suppose that
f =
r∑
i=1
ai(αi•)d, a1, . . . , ar > 0. (1)
It does not make sense to expect that this representation is unique, because for any
a, b, x, y ∈ K we have (axd + byd)(α•)d = a(xα•)d + b(yα•)d . Following
Reznick’s terminology used in the case K = R we say that (1) is a good repre-
sentation of f if no two αi ’s are proportional. Notice that any f ∈ Qn,d(K) has
a good representation. However, a good representation is not necessarily unique. Let
us choose a set RK(d) of representatives of positive cosets of the group K∗ modulo
the subgroup K∗d (in the case of the field R, or more generally in the case of a
real closed field K , one can choose RK(d) = {1}). Of course, any form has a good
representation (1) with a1, . . . , ar ∈ RK(d). We say that f ∈ Qn,d (K) has a unique
good representation if for any two good representations
f =
r∑
i=1
ai(αi•)d =
s∑
j=1
bj (βj•)d, ai, bj ∈ RK(d),
we have r = s and there exists a permutation σ ∈ Sr , ε1, . . . , εr ∈ {1,−1} such that
ai = bσ(i), αi = εiβσ(i) for i = 1, . . . , r .
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Remark. In the case RK(d) = {1} maybe it would be better to use Reznick’s term
“strongly unique representation” instead of “unique good representation”. In the gen-
eral case we would prefer “unique good representation” since it seems to us it better
emphasises the dependence on the set RK(d).
Theorem 6. Let K be an ordered field and let d be an even natural number. Suppose
that h ∈ Pn,d (K) andZ(h) = {α1, . . . , αr } is d-independent. Then the form
f =
r∑
i=1
ai(αi•)d, a1, . . . , ar ∈ RK(d),
has a unique good representation.
Proof. By our assumption [f, h] =∑ri=1 aih(αi) = 0. Assume f =∑sj=1 bj (βj•)d
is another good representation of f with b1, . . . , bs ∈ RK(d). Since
0 = [f, h] =
s∑
j=1
bjh(βj ),
all βj ’s belong to Z(h). Thus s  r and after reindexing we have ciαi = βi for
i = 1, . . . , s. Hence
r∑
i=1
ai(αi•)d =
s∑
i=1
bic
d
i (αi•)d.
SinceZ(h) is d-independent, we have s = r and ai = bicdi for i = 1, . . . , r . Finally,
we have ai = bi , ci = ±1, because ai, bj ∈ RK(d). 
Corollary 7. Let K be an ordered field. If A = {α1, . . . , αr } ⊂ Kn and no two αi ’s
are proportional, then the form f =∑ri=1 ai(αi•)2r , a1, . . . , ar ∈ RK(d), has a
unique good representation.
Proof. Follows from Theorems 2, 5 and 6. 
3. Automorphisms of forms with a unique good representation
In this section we assume that K is an ordered field, d is even and RK(d) is a
fixed set of representatives of positive cosets of K∗ modulo K∗d . Let A1, . . . , Al be
pairwise disjoint subsets of the K-vector space V . We shall examine automorphisms
of forms f ∈ Qn,d with a unique good representation.
First notice that if ρ ∈ Aut(Kn) and g =∑ki=1 ai(αi•)d , then
g(ρ(X)) =
k∑
i=1
ai(αiρ(X))
d =
k∑
i=1
ai(ρ
t(αi)X)
d =
k∑
i=1
ai(ρ
t(αi)•)d(X),
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where ρt denotes the transpose of ρ, that is, the automorphism such that
ρt(α) · β = α · ρ(β) for any α, β ∈ Kn.
Theorem 8. Suppose that f ∈ Qn,d(K) has a unique good representation
f =
r∑
i=1
ai(αi•)d, a1, . . . , ar ∈ RK(d).
Let A1 ∪ · · · ∪ Al be a decomposition of A := {α1, . . . , αr } into a sum of disjoint
subsets defined as follows: αi, αj are in the same subset ⇔ ai = aj . Then
ρ ∈ Aut(Kn) is an automorphism of f if and only if ρt(±Ai) = ±Ai for i = 1, . . . , l.
Proof. It follows from the fact that f (ρ(X)) =∑ri=1 ai(ρt(αi)•)d(X). 
To describe the structure of the group of automorphisms of considered forms we
define for any pairwise disjoint subsets A1, . . . , Al of the K-vector space V the
group
GV (A1, . . . , Al) := {δ ∈ Aut(V ) : δ(±Ai) = ±Ai, i = 1, . . . , l}.
Corollary 9. With the notation and assumptions of the previous theorem the group
Aut(f ) is isomorphic with the group GKn(A1, . . . , Al).
Proof. The map Aut(f )→ GA, ρ → (ρt)−1, is a group isomorphism. 
Corollary 10. Suppose that |RK(2r)|  l. For any A = {α1, . . . , αr } ⊂ Kn with
no two elements proportional and its decomposition A = A1 ∪ · · · ∪ Al into a sum
of disjoint subsets there exists a form f ∈ Qn,2r (K) such that
Aut(f ) ∼= GKn(A1, . . . , Al).
Proof. Let us choose a1, . . . , ar ∈ RK(2r) according to the following rule:
ai = aj ⇔ αi and αj are in the same subset in the decomposition A1 ∪ · · · ∪ Al .
By Corollary 7, the form f =∑ri=1 ai(αi•)2r has a unique good representation.
The statement follows from Corollary 9. 
4. Forms with a given orthogonal group
From the point of view of Corollary 10 it is natural to ask
Question. Which groups are of the form GV (A1, . . . , Al)?
Notice that if R is a root system in a Euclidean space E, then GE(R) is the group
denoted in [2, Chapter 6] by A(R) and it is just the Weyl group W(R) when R is
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one of the types An,Bn,Cn,E7, E8, F4,G2 and an extension of W(R) in the other
cases. In the general case at first sight we can notice that
1. −idV ∈ GV (A1, . . . , Al), that is, GV (A1, . . . , Al) has a central involution.
2. GA1∪···∪Al is finite if and only if A1 ∪ · · · ∪ Al generates V .
We shall show that any finite group with a central involution is of the form
GV (A1, . . . , Al).
Theorem 11. If G is a finite group with a central involution and K is a field of
characteristic 0, then there exist subsets A1, A2 of n-dimensional K-vector space V,
where n = 12 |G|, such that G ∼= GV (A1, A2).
Proof. Assume that t ∈ G is a central involution and the subset A = {g1, . . . , gn}
of G is a set of coset representatives modulo the subgroup generated by t . Let
ρ : G→ Aut(W) be the regular representation of G over the field K , that is, W
is a K-vector space with basis {εg : g ∈ G} and ρh(εg) = εhg for h ∈ G. For any
gi ∈A denote αi := εgi − εtgi . The subspace V generated by B := {α1, . . . , αn} is
G-invariant and B is its basis. The subrepresentation ρ¯ : G→ Aut(V ) is faithful
so we can consider G as a subgroup of Aut(V ). Then G(±B) = ±B. Notice that
any g ∈ Aut(V ) such that g(±B) = ±B is uniquely determined by τ (g) ∈ Sn and
ϕ(g) = (ϕ(g)(1), . . . , ϕ(g)(n)) ∈ {1,−1}n satisfying
g(αi) = ϕ(g)(i)ατ(g)(i), i = 1, . . . , n.
Choose A1 = B and A2 = {gj (α1 + 2α2 + · · · + nαn) : j = 1, . . . , n}. Obviously,
G ⊆ GV (A1, A2). Suppose now h ∈ GV (A1, A2). Thus
h(α1 + 2α2 + · · · + nαn) = ±gj (α1 + 2α2 + · · · + nαn)
for some j . Since h(±A1) = ±A1, we have
n∑
i=1
iϕ(h)(i)ατ(h)(i) = ±
n∑
i=1
iϕ(g)(i)ατ(g)(i).
Thus ϕ(h) = ±ϕ(gj ), τ (h) = τ (g) and in the consequence h = ±gj ∈ G. 
Corollary 12. Let G be a finite group with a central involution and let K be an or-
dered field. Suppose |G| = 2n and |RK(4n)|  2. Then there exists a form
f ∈ Qn,4n(K) such that G ∼= Aut(f ).
Proof. The existence of the form f follows from Corollary 10 and Theorem 11. The
degree of f is 4n because for A1 and A2 constructed in the proof of Theorem 11 we
have |A1 ∪ A2| = 2n. 
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Remark. We realize that for a given finite group with a central involution the di-
mension and the degree of the form f in Corollary 12 are greater than necessary.
For example if |G| = 8, then our form f is of dimension 4 and degree 16, whereas
even over Q one can find forms of lower dimension and lower (even) degree with the
eight-element orthogonal group (see [1,7]).
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